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Abstract
Quaternion-Ka¨hler four-manifolds, or equivalently anti-self-dual Einstein manifolds, are locally
determined by one scalar function subject to Przanowski’s equation. Using twistorial methods
we construct a Lax Pair for Przanowski’s equation, confirming its integrability. The Lee form
of a compatible local complex structure, which one can always find, gives rise to a conformally
invariant differential operator acting on sections of a line bundle. Special cases of the associated
generalised Laplace operator are the conformal Laplacian and the linearised Przanowski operator.
We provide recursion relations that allow us to construct cohomology classes on twistor space
from solutions of the generalised Laplace equation. Conversely, we can extract such solutions
from twistor cohomology, leading to a contour integral formula for perturbations of Przanowski’s
function. Finally, we illuminate the relationship between Przanowski’s function and the twistor
description, in particular we construct an algorithm to retrieve Przanowski’s function from twistor
data in the double-fibration picture. Using a number of examples, we demonstrate this procedure
explicitly.
1 Introduction
1.1 Motivation
Quaternion-Ka¨hler four-manifolds can be characterised in three different ways. Firstly, with motiva-
tion coming from higher-dimensional Quaternion-Ka¨hler manifolds which are Riemannian manifolds
with holonomy Sp(n)Sp(1), one can define a four-dimensional Quaternion-Ka¨hler manifold to be anti-
self-dual Einstein with non-vanishing cosmological constant [1]. Secondly, as is well-known, they can
be described by means of their twistor space, a three-dimensional complex manifold with a four-
parameter family of holomorphic curves and a contact structure [2, 3, 4, 5]. Finally, these manifolds
are locally determined by one scalar function, known in the literature as Przanowski’s function, which
is subject to a second-order partial differential equation [6].
While this last description is only local in nature, it appears to be very useful in applications, as explicit
expressions for the metric in local coordinates are easily obtained. In particular the hypermultiplet
moduli space in string theory is an example of a Quaternion-Ka¨hler four-manifold, and Przanowski’s
function has been used in that context [7, 8, 9].
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The purpose of this paper is to introduce Przanowski’s function and the associated partial differential
equation as well as its linearisation and clarify their geometric origin in the twistor construction. In
particular, we construct a Lax Pair for Przanowski’s Equation and exhibit its linearisation as the
generalised Laplacian associated to a natural, conformally invariant differential operator. We relate
solutions of the generalised Laplace equation to twistor cohomology using recursion relations, lead-
ing to a contour integral formula for perturbations of Przanowski’s function. Eventually, we provide
an algorithm that extracts Przanowski’s function from twistor data in the double-fibration picture,
extending work of [7].
1.2 Summary of main results
The starting point of this paper is Przanowski’s observation [6] that locally every anti-self-dual Einstein
four-manifold (M,g) admits a compatible complex structure and the metric is of the form
g = 2
(
Kww¯dwdw¯ +Kwz¯dwdz¯ +Kzw¯dzdw¯ +
(
Kzz¯ +
2
Λ
eΛK
)
dzdz¯
)
, (1)
where (w, z) are holomorphic coordinates, (w¯, z¯) their complex conjugates, Λ 6= 0 is the cosmological
constant and K(w, w¯, z, z¯) is a real function onM with Kw =
∂K
∂w
and so forth. (1) is an ASD Einstein
metric if and only if K satisfies Przanowski’s equation,
Kzw¯Kwz¯ −Kww¯
(
Kzz¯ +
2
Λ
eΛK
)
+KwKw¯e
ΛK = 0. (2)
Our three main results are as follows:
First, we construct a Lax Pair for Przanowski’s equation. As we shall see, the vector fields1
l0 = ∂w − ξ
Kwz¯
K˜
∂w¯ + ξ
Kww¯
K˜
∂z¯ +
(
∂wK˜ + e
ΛKKwKww¯
K˜
−
Kww¯
Kw¯
)
ξ∂ξ, (3)
l1 = ∂z −
ξ
K˜
(
Kzz¯ +
2
Λ
eΛK
)
∂w¯ + ξ
Kzw¯
K˜
∂z¯ +
(
∂zK˜ + e
ΛKKwKzw¯ − e
ΛKKw¯ξ
K˜
−
Kzw¯
Kw¯
+
ξ
Kw
)
ξ∂ξ
commute if and only if (2) is satisfied. Here ξ is an auxiliary parameter whose geometric origin lies in
the twistor construction where ξ is the coordinate along a twistor line. Thus Przanowski’s equation
provides another example of an integrable equation coming from anti-self-duality equations in four
dimensions. While the twistorial background of this Lax Pair will be explained in detail later on, the
advantage of having a Lax Pair for (2) is that it makes many of the usual properties of integrable
systems manifest without resorting to the twistor construction explicitly.
Secondly, for m ∈ Z we construct a conformally invariant differential operator D = d− m2 B, where
B is the Lee one-form of the chosen complex structure on M . D acts on sections of the line bundle
1The function K˜ is defined in (7).
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Lm =
(
Λ(2,2)M
)m
4 . The generalised Laplacian ∗D ∗D reduces to the conformal Laplacian for sections
of L−1, while for sections of L1 we reproduce a multiple of the linearised Przanowski operator,
dPrz = Kzw¯∂wz¯ +Kwz¯∂zw¯ −Kww¯∂zz¯ −
(
Kzz¯ +
2
Λ
eΛK
)
∂ww¯ (4)
+ eΛK (Kw∂w¯ +Kw¯∂w + ΛKwKw¯ − 2Kww¯) .
An associated recursion relation allows us to construct cohomology classes in H1 (T,O(2m)) on twistor
space T from solutions of the generalised Laplace equation. Conversely, cohomology classes on T
provide solutions to this equation, in particular we obtain a contour integral formula for perturbations
δK of Przanowski’s function from Ψ ∈ H1 (T,O(2)),
δK =
1
2πi
∮
Γ
ΨξA′dξ
A′
(ξ0′)
2
(ξ1′)
2 (5)
We integrate along a contour Γ around the equator of every twistor line with homogeneous coordinates
(ξ0
′
, ξ1
′
).
Finally, we provide an algorithm to extract Przanowski’s function K along with a complex struc-
ture onM from twistor data. As a by-product, we deduce the second-order partial differential equation
(2). A similar method has been established in [7], however their procedure requires knowledge of the
Ka¨hler potential and metric on twistor space, while ours doesn’t. The steps of our procedure are:
• Find canonical coordinates (x, y, t) for the contact form τ = dx − ydt on twistor space T and
pull them back to correspondence space F .
• M inherits a complex structure from the holomorphic surface S = {p ∈ F | t = 0} with holomor-
phic coordinates w = y
∣∣∣
S
, z = x
∣∣∣
S
and complex conjugates w¯ = ι(y)
∣∣∣
ι(S)
, z¯ = ι(x)
∣∣∣
ι(S)
, where ι
is the anti-holomorphic involution on twistor space preserving the real lines. The asymmetry of
w and z in (2) is reflected in the fact that τ
∣∣∣
S
= dz.
• Choose coordinates (w, w¯, z, z¯, ξ) on correspondence space such that ξ
∣∣∣
S
= 0 and (ξ)−1
∣∣∣
ι(S)
= 0.
In a neighbourhood of S, the restriction of the contact form to the twistor lines Lm for m ∈M
is of the form τ
∣∣∣
Lm
= eΦdξ, defining a function Φ on correspondence space. Similarly we obtain
around ι(S) a second function Φ˜ and find the Przanowski function to beK = − 1Λ
(
Φ
∣∣∣
S
+ Φ˜
∣∣∣
ι(S)
)
.
Not all choices in this procedure are unique, the resulting freedom will be seen to be a gauge freedom
of the Przanowski gauge.
3
1.3 Outline
This paper is organised as follows. Having introduced the metric of a Quaternion-Ka¨hler four-manifold
in Przanowski’s form (1) above, in section 2 we proceed to show that it is indeed anti-self-dual (ASD)
and Einstein. Furthermore, we construct a conformally invariant differential operator and consider
the associated generalised Laplacian. In section 3 we construct the twistor space of a Quaternion-
Ka¨hler manifold and as a spin-off obtain a Lax Pair for Przanowski’s equation. We discuss recursion
relations relating solutions to the generalised Laplace equation to cohomology classes on twistor space.
At the end of this section, we focus on the linearised Przanowski operator as a special case of the
generalised Laplacian and describe deformations of the contact structure on twistor space generated by
perturbations of Przanowski’s function. In section 4 we provide an algorithm to obtain Przanowski’s
function from twistor data in the double-fibration picture by making a suitable choice of gauge. We
then use section 5 to illustrate this procedure in a few examples: S4, H4, CP 2 and C˜P 2, the non-
compact version of CP 2 with the Bergmann metric.
1.4 Notation
Throughout this paper we will be dealing exclusively with four-dimensional Quaternion-Ka¨hler man-
ifolds with non-zero cosmological constant2 Λ 6= 0. We will make use of the spinor formalism for
four-manifolds, which we introduce in Appendix B. Our conventions are mainly based on [4, 10].
2 Differential operators on Quaternion-Ka¨hler four-manifolds
In this section, we will introduce Przanowski’s form of a Quaternion-Ka¨hler metric on a four-manifold
(M,g). Locally one can always find a compatible complex structure on M with complex coordinates
(w, z) and complex conjugates (w¯, z¯). Of course this need not be true globally, as a counter-example
consider S4 which is anti-self-dual Einstein with the round metric, but does not admit a global complex
structure. With respect to such a local complex structure the metric can be written in hermitian form
as in (1), and the metric is ASD Einstein if and only if K satisfies Przanowski’s equation (2) as shown
in [6]. The first part of this assertion will be seen to be true at the end of this section, while the
necessity will become clear when recovering Przanowski’s formulation from the twistor description of
a Quaternion-Ka¨hler manifold. We can always find a null tetrad adapted to the complex structure
so that eA0
′
∈ Λ(1,0)M while eA1
′
∈ Λ(0,1)M . This reduces the gauge freedom from SO(4,C) to
GL(2,C) ∼= SL(2,C)× C×. Here SL(2,C) acts on S while C× is a subgroup of SL(2,C) acting on S′
via3 eA0
′
7→ eΘeA0
′
and eA1
′
7→ e−ΘeA1
′
. We can fix the gauge freedom by choosing
e00
′
= dw, e10
′
= dz, e01
′
= −Kzw¯dw¯ −
(
Kzz¯ +
2
Λ
eΛK
)
dz¯, e11
′
= Kww¯dw¯ +Kwz¯dz¯. (6)
Using the abbreviation
2In our conventions Rab = 3Λgab on an Einstein manifold.
3This corresponds to a transformation oA
′
7→ eΘoA
′
and ρA
′
7→ e−ΘρA
′
using the notation of Appendix B.
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K˜ := Kwz¯Kzw¯ −Kww¯
(
Kzz¯ +
2
Λ
eΛK
)
, (7)
we obtain for the self-dual two-forms on M
Σ0
′0′ = dw ∧ dz, Σ0
′1′ =
1
2
∂∂¯K +
1
Λ
eΛKdz ∧ dz¯, Σ1
′1′ = −K˜dw¯ ∧ dz¯, (8)
where Σ0
′1′ is the hermitian two-form and d = ∂ + ∂¯ is the splitting of the exterior derivative in-
duced by the complex structure. Again, note the Dolbeault types of these forms: Σ0
′0′ ∈ Λ(2,0)M ,
Σ0
′1′ ∈ Λ(1,1)M and Σ1
′1′ ∈ Λ(0,2)M . The Hermitian two-form depends only on the choice of complex
structure, while the other self-dual two-forms transform with weight ±2 under the C×-action, e.g.
Σ0
′0′ 7→ e2ΘΣ0
′0′ . Using the vector fields
∇00′ = ∂w, ∇11′ =
1
K˜
[
−
(
Kzz¯ +
2
Λ
eΛK
)
∂w¯ +Kzw¯∂z¯
]
,
∇10′ = ∂z, ∇01′ =
1
K˜
[−Kwz¯∂w¯ +Kww¯∂z¯] , (9)
which are dual to the null tetrad, we obtain for the primed connection
Γ0′0′ = −∇A0′(lnKw¯)e
A1′ , Γ1′1′ = ∇A1′(lnKw)e
A0′ ,
Γ0′1′ =
1
2
[
∇A0′(ln K˜ − lnKw¯)e
A0′ +∇A1′ (lnKw) e
A1′
]
.
To simplify these expressions we used Przanowski’s equation. Our choice of adapted null tetrad (6)
leads to a particularly simple form of the primed connection:
Γ0′0′ ∈ Λ
(1,0)M, Γ1′1′ ∈ Λ
(0,1)M, dΓ0′1′ ∈ Λ
(1,1)M, with Γ0′0′ ∧ dΓ0′0′ = Γ1′1′ ∧ dΓ1′1′ = 0.
(10)
At this point we can check directly that the metric (1) is ASD and Einstein. To do this, we compute
the primed curvature spinor RA′B′ and upon substituting (2) find
RA′B′ = ΛΣA′B′ . (11)
Thus the self-dual Weyl spinor and the trace-free Ricci spinor vanish as claimed. The converse was
already shown by Przanowski almost 30 years ago [6]. We will obtain it from the twistor picture in
section 4. Using the exterior derivative of (11) we can define two one-forms A and B by
dΣ0
′0′ = (B −A) ∧Σ0
′0′ , dΣ0
′1′ = B ∧ Σ0
′1′ , dΣ1
′1′ = (B +A) ∧ Σ1
′1′ . (12)
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The Lee form B only depends on the choice of complex structure, while A transforms as A 7→ A−2dΘ
under the C×-action. In terms of K, the forms are given by
A = ∂
(
ln K˜ − 2 lnKw¯
)
+ ∂¯ (2 lnKw) , B = ∂ (lnKw) + ∂¯ (lnKw¯) .
Remark: When Kw = Kw¯ the Lee form B is exact, so in this case (M,g) is locally conformally
Ka¨hler. However, Kw = Kw¯ implies that (M,g) has an isometry [11, 12]. Hence this is an example
of the more general correspondence proved in [13] that an ASD Einstein four-manifold is conformally
Ka¨hler if and only if it has an isometry.
More generally, under conformal rescalings where g 7→ e2Ωg the Lee form transforms as B 7→
B + 2dΩ, we also have A 7→ A + 2dΩ if we keep eA0
′
invariant. We can then define a differential
operator D acting on sections fl,m of the line bundle L
l,m =
(
Λ(2,0)M
) l
2 ⊗
(
Λ(2,2)M
)m
4 by
Dfl,m =
(
d+
l
2
A−
l +m
2
B
)
fl,m.
If the section fl,m transforms as fl,m 7→ e
lΘ+mΩfl,m under the C
×-action and a change of conformal
scale, then D is an invariant operator that depends only on the conformal class of the ASD Einstein
metric and the choice of compatible complex structure. Taking care to transform the conformal weight
of fl,m appropriately under the action of the Hodge star operator we note that ∗Dfl,m ∈ L
l,m+2⊗Λ3M
and we can consider the Laplacian ∗D∗D. When acting on sections of L0,−1 it reproduces the conformal
Laplacian
∗D ∗D = ∗d ∗ d−
1
6
R,
whereas for sections of L0,1 we find
∗D ∗D = ∗d ∗ d+ 2 ∗ (∗B ∧ d) +
3
4
∗ (B ∧ ∗B)−
1
2
∗ d ∗B,
the linearised Przanowski operator (4). Solutions δK ∈ Γ
(
M,L0,1
)
to ∗D∗D δK = 0 are infinitesimal
perturbations of the Przanowski function K and thus correspond to deformations of the underlying
Quaternion-Ka¨hler manifold.
3 Twistor theory and Przanowski’s function
As is well-known, from any four-dimensional Quaternion-Ka¨hler manifold one can construct an asso-
ciated three-dimensional complex twistor space with a four-parameter family of holomorphic curves
called twistor lines and a contact structure [2, 3, 4, 5, 10, 14]. We will first use the more general
correspondence for anti-self-dual manifolds to construct the Lax Pair (3) for Przanowski’s equation as
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well as a recursion relation relating solutions of a generalised Laplace equation to cohomology classes
H1 (T,O(k)). Using the recursion relation, we show how to construct coordinates on T in terms of K
and also provide a contour integral for perturbations δK of Przanowski’s function.
We will work with the double-fibration picture, so we need to complexify the underlying manifold
M . We thus promote (w, w¯, z, z¯) to four independent complex variables (w, w˜, z, z˜) and denote the
resulting complex four-manifold by M. From the complex conjugation of the underlying real manifold
M we inherit an anti-holomorphic involution
ιM : M −→M, (w, w˜, z, z˜) 7−→ ( ¯˜w, w¯, ¯˜z, z¯).
The fixed points of this map allow us to retrieve the real manifold M , corresponding to reality condi-
tions4 w¯ = w˜, z¯ = z˜.
3.1 Twistor distribution
Consider the primed spin bundle without the zero section, F = S′\{ξA
′
= 0}, where ξA
′
are coordinates
on the fibres of S′. For every section of F, we obtain a distribution of null two-planes in TM spanned
by two vector fields ξA
′
∇AA′ . Multiplying a spinor section ξ
A′ by a function on M leaves the null
plane unchanged, to eliminate this redundancy we need to consider the correspondence space F which
is obtained by projectivising the fibres of F. These are then no longer copies of C2 without the origin
but CP 1s. The space F can be understood as a holomorphic line bundle over F , the points in the fibre
representing different multiples of a given null plane. When restricted to a fibre of F over M, this line
bundle is just the tautological bundle C2 −→ CP 1.
Note that the action of the involution ιM can be extended to an involution ι of F . ι
∗
M
pulls back
(2, 0)-forms to (0, 2)-forms and therefore ι, while leaving the fibres over real points in M invariant,
acts as the antipodal map on such a fibre.
Parallel transport with respect to the Levi-Civita connection maps null planes to null planes, giving
rise to a homogeneous one-form τ of degree two on F,
τ = ξA′
(
dξA
′
+ ξB
′
ΓA
′
B′
)
. (13)
Using τ , we can lift the vector fields ξA
′
∇AA′ to F to obtain
5
dA = ξ
A′∇AA′ − ξ
A′ξB
′
ΓAA′B′
C′∂ξC′ . (14)
Since the Euler vector field
Υ = ξ0
′
∂ξ0′ + ξ
1′∂ξ1′
4To make notation more convenient, we use four independent holomorphic coordinates (w, w¯, z, z¯) on M, we retrieve
M when (w¯, z¯) are complex conjugates of (w, z).
5Here AA′ are one-form indices, so ΓB′C′ = ΓAA′B′C′e
AA
′
.
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lies in the kernel of the contact form τ , the vector fields dA are only determined up to the addition
of terms proportional to Υ. None the less the choice given in (14) is a canonical one starting from
the metric in Przanowski’s form with its compatible complex structure and the null tetrad (6). Since
by definition dA τ = 0, the vector fields dA form a distribution on F that lies within the kernel of τ ,
called the twistor distribution. It is well-known [5] that this twistor distribution is integrable if and
only if (M, g) is ASD. In general the following identity
[d0, d1] = ξ
A′ΓAA′
ABdB (15)
holds for manifolds with vanishing self-dual Weyl spinor.
3.2 Lax Pair
While the integrability of the twistor distribution < d0, d1 > is equivalent to the anti-self-duality of
(M, g), the fact that K satisfies Przanowski’s equation (2) is sufficient but not strictly necessary for
this. To obtain a Lax Pair consider the modified vector fields
∇˜A0′ = ∇A0′ , ∇˜01′ = −
K˜
eΛKKwKw¯
∇01′ , ∇˜11′ = −
K˜
eΛKKwKw¯
∇11′ ,
which reduce to (9) if and only if (2) is satisfied. Similarly6
d˜A = ξ
A′∇AA′ − ξ
A′
(
ξB
′
∇˜AB′ Γ
C′
A′
)
∂ξC′ ,
reduces to dA if and only if (2) holds. We now introduce a trivialisation of F over F based on the
standard trivialisation of the tautological line bundle over CP 1: Consider
U0 =
{
x ∈ F
∣∣∣ ξ0′ 6= 0} , U1 = {x ∈ F ∣∣∣ ξ1′ 6= 0} . (16)
On U0, define ξ =
ξ1
′
ξ0
′ and on U1, define
7 η = ξ
0
′
ξ1
′ . Holomorphic functions on U0 homogeneous of degree
zero, which can be regarded as functions on F holomorphic in ξ, are annihilated by the Euler vector
field Υ and thus ∂ξA′ acts as
ξ
A′
(ξ0′ )2
∂ξ. So the projection of d˜A to TF is
l˜A = ξ
A′∇AA′ + (ξ
0′)−2ξA
′
ξB
′
ξC
′
(
∇˜AA′ ΓB′C′
)
∂ξ ,
or in terms of K we find in inhomogeneous form the vector fields lA as in (3). We show in Appendix
A that [l0, l1] = 0 if and only if Przanowski’s equation (2) is satisfied, so (3) are a Lax Pair for
Przanowski’s equation, showing that it is an integrable equation.
6The symbol denotes contraction.
7In most of this paper when considering F, we will work over U0. The formulae valid over U1 can usually be easily
inferred.
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3.3 Recursion relations
Returning to the construction of the twistor space we recall that we have an integrable distribution
< d0, d1 > in F, so we can consider the quotient space T = F
/
< d0, d1 >, a four-dimensional complex
manifold. The vector fields dA project to non-zero vector fields lA on F , so we can also consider
T = F
/
< l0, l1 >, a three-dimensional complex manifold. Now a point p ∈ T corresponds to an
integral surface Σ of the twistor distribution in F . We can restrict the line bundle F to this integral
surface to obtain a line bundle FΣ. However this line bundle has to be trivial, since we can find a
global trivialisation over Σ using the leaves of the distribution < d0, d1 >. Thus by construction T is
a line bundle over the twistor space T and if we pull back T to the correspondence space F we recover
F.
The fibres of F over M become a four-parameter family of copies of C2\{0} in T, regarded as CP 1-
fibres of F we obtain the twistor lines in T . Again, T restricted to such a twistor line is the standard
bundle over CP 1. Furthermore, the involution ι descends naturally from F to T .
We now want to explain how one can construct solutions to generalised Laplace equations from ele-
ments of H1(T,O(k)), or conversely construct those cohomology classes from solutions of the gener-
alised Laplace equation using a recursion relation. So suppose Ψ ∈ H1(T,O(k)), we can pull Ψ back
to F to obtain Ψ ∈ H1(F,O(k)) satisfying
dAΨ = 0. (17)
Since Ψ is an element of the first cohomology group, its domain can be assumed to be U0 ∩ U1 where
ξ0
′
6= 0, so we can trivialise8 and write Ψ =
∑
n
(
ξ0
′
)(k−n) (
ξ1
′
)n
ψn where ψn are functions on M .
But then
dAΨ =
∞∑
n=−∞
(
ξ0
′
)(k−n) (
ξ1
′
)n
ξA
′
(
∇AA′ +
(
n−
k
2
)
AAA′ −
k
4
BAA′
)
ψn,
where the bracket on the right side of the equation defines9 a linear first-order operator d˜
(n,k)
AA′ on M ,
d˜
(n,k)
AA′ = ∇AA′ +
(
n−
k
2
)
AAA′ −
k
4
BAA′ .
From (17) we obtain the recursion relations
d˜
(n+1,k)
A0′ ψn+1 = −d˜
(n,k)
A1′ ψn. (18)
For (18) to be consistent, ψn has to satisfy an integrability condition. Since (15) implies
8Different trivialisations will only shift the parameter n in the ensuing discussion.
9The one-forms A and B were defined in (12).
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ǫABξA
′
ξB
′
[
d˜
(n,k)
AA′ d˜
(n,k)
BB′ −
(
ΓBA′B′
C′ + ΓCB′B
CǫA′
C′
)
d
(n,k)
AC′
]
= 0, (19)
cross-differentiating (18) and imposing (19) requires
(
d˜
(n,k)
AA′ + ΓAB′A′
B′ + ΓBA′A
B +BAA′
)
d˜(n,k) AA
′
ψn = 0.
Rewriting this expression covariantly, we find
∗D ∗D ψn = 0 (20)
if we assign ψn weight (l,m) = (k − 2n, 2n −
k
2 ). So starting with ψn satisfying this integrability
condition we can use the recursion relations (18) to determine ψn+1, where ∗D ∗D ψn+1 = 0 is auto-
matically guaranteed, again using (19). This allows us to use the recursion relations to define ψn+2,
and so forth. Thus a single coefficient ψn satisfying (20) is sufficient to determine Ψ ∈ H
1 (T,O(k)).
Conversely, given such a Ψ , each coefficient will satisfy a second-order integrability condition.
Remark: We only needed the fact that M is Einstein to define A and B in (12). If instead we
define
A = ΓA(A′0′1′)e
AA′ , B = −2ΓA1′0′0′e
A0′ + 2ΓA0′1′1′e
A1′ ,
then the recursion relations (18) and the integrability condition (20) make sense on any anti-self-dual
four-manifold. On an Einstein manifold this definition for A and B is equivalent with (12).
We will now show that one can use the correspondence above to construct coordinates on T from
solutions to (20). Consider solutions of (20) with weight (0, 0), one can check that holomorphic func-
tions f(w, z) on M as well as anti-holomorphic functions f(w¯, z¯) on M are examples. If we choose ψ0
to be an anti-holomorphic function on M , then the recursion relations (18) imply that ψn = 0 for all
negative coefficients and so Ψ will in fact be an element of H0 (U0,O(0)) that descends to T . Therefore
we can recursively construct coordinates of T on the image of U0 under the canonical projection to T
by setting ψ0 equal to w¯, z¯ or a constant. Similarly, on the image of U1 we can start with ψ0 equal to
w, z or a constant.
3.4 Perturbations
The twistor space with its twistor lines only encodes the conformal structure of M, the information
necessary to retrieve an Einstein metric within the conformal class is contained in a contact structure
on T . Essentially all that is needed to fix the metric within the conformal class is a scale, which is
specified uniquely by the symplectic structures ǫAB and ǫA′B′ of S and S
′. Since the basis ξA
′
of S′
is normalised such that ǫ0′1′ξ
0′ξ1
′
= 1 and similarly ǫAB is contained within the definition of ΓA′B′ ,
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all this information is stored in the one-form τ on F, given by (13). It corresponds to a one-form τF
quadratic in ξ on F , where
τF = dξ − Γ0′0′ − 2ξΓ0′1′ − ξ
2Γ1′1′ .
By construction, dA τ = 0 and the Einstein equations imply LdAτ = 0. Therefore τ descends to a
holomorphic one-form homogeneous of degree two on T, where it satisfies dτ ∧ dτ 6= 0 and so defines
a holomorphic symplectic structure on T. This corresponds to a holomorphic contact structure on T ,
determined by a contact one-form τT , the relationship between the symplectic structure on T and the
contact structure on T as well as their deformations are illuminated in [15]. According to Darboux’
Theorem, one can always choose canonical coordinates on T such that τT = dx − ydt. Furthermore,
the pull-back of τT to F is proportional to τF .
Now recall that for (l,m) = (0, 1) or equivalently (n, k) = (1, 2) equation (20) is the linearised
Przanowski equation. Thus by definition the coefficient ψ1 of every element Ψ ∈ H(T,O(2)) is a
solution δK ∈ L0,1 of (20). Indeed perturbations of Quaternion-Ka¨hler metrics are known to be gen-
erated by elements of H1 (T,O(2)) [15]. To see this, regard a representative Ψ of this cohomology class
as a Hamiltonian of a one-parameter family of symplectic transformations. So dΨ = dτ (θ, ·) where
θ ∈ H1 (T,Θ(0)) is an element of the first cohomology group with values in the sheaf of holomorphic
vector fields. Therefore θ encodes a deformation of the holomorphic symplectic structure of T and
consequently a deformation of the metric of M . For details on complex deformations see [16]. We can
obtain δK from Ψ ∈ H1 (F,O(2)), Cauchy’s integral formula
δK =
1
2πi
∮
Γ
ψ1
ξ
dξ =
1
2πi
∮
Γ
ΨξA′dξ
A′
(ξA′oA′)
2
(ξA′ρA′)
2
reproduces (5). Here the constant spinors oA′ = (1, 0) and ρA′ = (0, 1) are determined by the choice
of complex structure on M and Γ is any contour around the equator of CP 1.
This is similar to the work of [17] but for non-zero cosmological constant, and extends results of [18, 7]
to Quaternion-Ka¨hler four-manifolds with no isometries.
4 Przanowski’s function from Twistor data
We now want to explain how to derive the existence of Przanowski’s function as well as the second-order
partial differential equation (2) it satisfies from the description of a Quaternion-Ka¨hler four-manifold
by its twistor space. From this, we will obtain an algorithm to extract Przanowski’s function and
a compatible complex structure from twistor data. This is similar to the procedure in [7], however
adapted to the double-fibration picture and we don’t require any information about the metric or
Ka¨hler structure on twistor space.
We thus assume we are given a three-dimensional complex manifold T with a four-parameter family M
of twistor lines. Furthermore we have a holomorphic contact structure determined by a homogeneous
one-form τ of degree two on T, such that τT (Q) 6= 0 for any nonzero vector Q tangent to one of the
twistor lines. Let R = 12Λ be the scalar curvature and cosmological constant of the Quaternion-Ka¨hler
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manifold respectively, the real structure of the underlying manifold M is encoded in an involution ι
on T .
Using this information, we will show that locally one can always choose an integrable complex structure
on M with coordinates (w, z, w¯, z¯) such that the adapted null tetrad with e00
′
= dw, e10
′
= dz and
eA1
′
∈ Λ(0,1)M leads to primed connection one-forms of the following form:
Γ0′0′ = fdz¯, Γ1′1′ = gdz, dΓ0′1′ =
Λ
2
∂¯∂K, (21)
for some complex-valued functions f , g and K on M with K = 1Λ ln fg. Under the induced real
structure on M , K is a real function and we will identify it with Przanowski’s function.
Remark 1: In this procedure the coordinates (w, z, w¯, z¯) are determined only up to holomorphic
coordinate transformations given by
w → w′(w, z), z → z′(z), w¯→ w¯′(w¯, z¯), z¯ → z¯′(z¯). (22)
Under such a change of coordinates, K will transform as
K(w, z, w¯, z¯)→ K(w′, z′, w¯′, z¯′)−
1
Λ
ln(∂zz
′)−
1
Λ
ln(∂z¯ z¯
′).
One can check that this gives rise to the same metric.
Remark 2: The Przanowski function K determines dΓ0′1′ , a non-degenerate closed two-form. This
symplectic form, which is neither compatible with the metric nor covariant, admits both (w, z,−Kw ,−Kz)
as well as (w¯, z¯,Kw¯,Kz¯) as canonical coordinates,
dΓ0′1′ = dKw¯ ∧ dw¯ + dKz¯ ∧ dz¯ = −dKw ∧ dw − dKz ∧ dz.
Thus K(w, z, w¯, z¯) can be regarded as the generating function for the symplectic transformation that
maps “initial positions” (w, z) to “final positions” (w¯, z¯). This is a remnant of the interpretation of
the heavenly function as a transition function on Hyper-Ka¨hler manifolds [19].
We now give the details of the construction. Suppose that x, y, t are local holomorphic coordinates
on T and τT = dx− ydt. To obtain a local complex structure, choose a holomorphic surface S
′
1 in the
twistor space T transversal to the twistor lines. This may not be possible for all lines, the complex
structure is not defined for points in M whose twistor lines are tangent to S′1, we may wish to exclude
these points from M . For instance we can choose S′1 = {p ∈ T | t = 0}. The pre-image of this surface
in the correspondence space F is a four-dimensional holomorphic surface S1 which is also a section s
of the CP 1-bundle over the base manifold M. We can use x, y as coordinates on S′1, pulled back to F
the one-forms dx and dy annihilate the twistor distribution. We define w¯ = x
∣∣∣
S1
, z¯ = y
∣∣∣
S1
and
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Λ(0,1)M =< dw¯, dz¯ > .
From S′2 = ι(S
′
1) we obtain two more coordinates w = ι(x)
∣∣∣
S2
and z = ι(y)
∣∣∣
S2
. By construction
these will be complex conjugates of (w, z) on the underlying real manifold M . We use them to define
Λ(1,0)M =< dw, dz >. As any two different null planes through a point span the entire tangent
space, the functions (w, z, w¯, z¯) will be independent on M . Locally this defines an integrable complex
structure compatible with the metric [20].
Since a contact structure on a three-dimensional manifold has no integral submanifolds of dimension
higher than one, the one-form τT is non-zero when restricted to any two-dimensional surface. Darboux’
Theorem ensures that we can always choose our coordinates on M such that τT = f
′dz¯ on S1 and
τT = g
′dz on S2. This step is well-defined up to transformations of the form (22) and is the origin of
the asymmetry between w and z in the Przanowski equation.
By construction the metric g of M is Hermitian with respect to the coordinates (w, z, w¯, z¯), choosing
an adapted tetrad with eA0
′
∈ Λ(1,0)M and eA1
′
∈ Λ(0,1)M reduces the gauge freedom to GL(2,C).
In the trivialisation (16) The pre-images of the hypersurfaces S′1 and S
′
2 are then given by S1 = {p ∈
F | ξ = 0} and S2 = {p ∈ F | η = 0}. For convenience we choose e
00′ = dw, e10
′
= dz to fix the frame
uniquely, to find K we need the explicit expressions of eA1
′
. They can be obtained from 2Σ0
′1′ , which
is the hermitian two-form compatible with the metric g and the complex structure, using the primed
connection one-forms.
First, to show that the primed connection is always of the form (10) in a frame adapted to the complex
structure, we start by classifying ΓA′B′ according to their Dolbeault-type. By definition,
deAA
′
= (ΓAA
′
CC′)BB′e
BB′ ∧ eCC
′
.
Now integrability of the complex structure means that
ΓA1
′
[00′10′] = 0, Γ
A0′
[01′11′] = 0.
Therefore, using anti-symmetry in the Lie algebra indices and considering separately the cases A = 0
and A = 1,
Γ0′0′ ∈ Λ
(0,1), Γ1′1′ ∈ Γ
(1,0).
Now recall the components of the ASD Einstein equation,
dΓ0′0′ + 2Γ0′0′ ∧ Γ0′1′ = ΛΣ0′0′ , dΓ0′1′ + Γ0′0′ ∧ Γ1′1′ = ΛΣ0′1′ , dΓ1′1′ + 2Γ0′1′ ∧ Γ1′1′ = ΛΣ1′1′ .
(23)
Denoting the component of Γ0′1′ in Λ
(a,b)M by Γ
(a,b)
0′1′ , the first of equations (23) splits up into
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dΓ
(0,2)
0′0′ + 2Γ0′0′ ∧ Γ
(0,1)
0′1′ = ΛΣ0′0′ , dΓ
(1,1)
0′0′ + 2Γ0′0′ ∧ Γ
(1,0)
0′1′ = 0.
Therefore dΓ
(0,2)
0′0′ ∧ Γ0′0′ = dΓ
(1,1)
0′0′ ∧ Γ0′0′ = 0, and thus
dΓ0′0′ ∧ Γ0′0′ = 0.
Similarly, the remaining identities in (10) follow. Now recall that on S′1 we have τT = dz¯ and on S
′
2
we find τT = dz. Similarly τF = −Γ0′0′ on S1 and τF = −Γ1′1′ on S2. But the contact structure on T
is induced from the one on F , so the pull-back of τT to F is proportional to τF , consequently
Γ0′0′ = fdz¯, Γ1′1′ = gdz,
for some complex-valued functions f and g. Furthermore, since dΓ0′1′ is a closed (1,1)-form, it can be
written as
dΓ0′1′ =
Λ
2
∂¯∂K (24)
for some complex-valued function K. So far we have established (21), it remains to show that K is
indeed the Przanowski function and real.
From (24)K is determined only up to the addition of two functions c(w, z) and c˜(w¯, z¯). Using equations
(23) it is easy to show that one can choose c and c˜ such that
Γ0′0′ = e
ΛKKwdz¯, Γ1′1′ =
1
Kw
dz, Γ0′1′ =
1
2
(d(ln(Kw)) + Λ∂K) , (25)
together with the self-dual two-forms ΣA
′B′ as in (8). Then Σ0
′0′∧Σ1
′1′ = −2Σ0
′1′∧Σ0
′1′ , which follows
from (29), is equivalent to Przanowski’s equation (2). We saw earlier that 2Σ0
′1′ is the hermitian two-
form with respect to the complex structure and metric g on M , so g must be given by (1). Thus K
in (24) is indeed Przanowski’s function and real. To determine K explicitly, observe that (25) implies
K =
1
Λ
ln fg. (26)
Evaluating the restriction of τ to the sections (ξ0
′
, ξ1
′
) = (1, 0) and (0, 1) of F provides f and g and
thus yields Przanowski’s function using (26).
5 Examples
We will demonstrate the procedure of writing a Quaternion-Ka¨hler metric in Przanowski’s form ex-
plicitly for a few examples: S4, H4, CP 2 with the Fubini-Study metric and C˜P 2 with the Bergmann
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metric. The first two cases are conformally flat with negative and positive scalar curvature respec-
tively10 and are treated in [7]. The other two examples instead are non-trivial, the Fubini-Study
metric has negative scalar curvature and the Bergmann metric positive scalar curvature. The twistor
data for the Fubini-Study metric is given in [14, 2] and can be easily adapted to accommodate for the
Bergmann metric11.
5.1 S4 and H4
S4 and H4 are conformally flat, the only difference in their twistor data arises in the contact structure.
However, it is convenient to use slightly different parametrisations of the twistor lines. Defining ǫ to be
the sign of the cosmological constant, Λ = ǫ|Λ|, we can treat both cases simultaneously by including
ǫ as a parameter. We will initially normalise Λ to ±1 and return to the general case at the end. To
obtain S4, set ǫ = −1, to obtain H4, set ǫ = 1. The twistor space is CP 3 for S4 and an open subset
thereof for H4. Parametrising CP 3 by homogeneous coordinates (u0, u1, v0, v1), the twistor lines are
given by
u0 =
ξ0
′√
1− ǫ|w|2(1 + |z|2)
, v0 =
wξ0
′
+ w¯z¯ξ1
′√
1− ǫ|w|2(1 + |z|2)
,
u1 =
ξ1
′√
1− ǫ|w|2(1 + |z|2)
, v1 =
wzξ0
′
− w¯ξ1
′√
1− ǫ|w|2(1 + |z|2)
.
Here (w, z, w¯, z¯) are coordinates on M, the four-parameter family of twistor lines, and (ξ0
′
, ξ1
′
) are
homogeneous coordinates along such a line. The twistor lines are invariant under the involution ι if
(w¯, z¯) are complex conjugates of (w, z). We specify a contact structure by
τ = εAB (uAduB + ǫvAdvB) .
The parametrisation of the twistor lines is chosen so that when restricted to a line the contact form
is τ
∣∣∣
Lm
= εA′B′ξ
A′dξB
′
so (ξ0
′
, ξ1
′
) is a normalised basis of S′. On U0 = {u ∈ CP
3 | u0 6= 0} we can
introduce inhomogeneous coordinates
(
u1
u0
,
v0
u0
,
v1
u0
)
= (ξ, w + w¯z¯ξ, wz − w¯ξ) ,
and choose a holomorphic surface in T by setting S1 = {p ∈ T | ξ = 0}. On U1 = {u ∈ CP
3 | u1 6= 0}
we use coordinates
(
u0
u1
,
v0
u1
,
v1
u1
)
= (η, w¯z¯ + ηw,−w¯ + ηwz) ,
10According to our conventions S4 has negative scalar curvature, following [2, 10].
11See [7] for a description of the latter twistor space with Przanowski’s function in a different gauge.
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and find S2 = ι(S1) = {p ∈ T | η = 0}. This yields a complex structure on M with holomorphic
coordinates w, z induced from
w =
v0
u0
∣∣∣∣∣
S1
, wz =
v1
u0
∣∣∣∣∣
S1
.
As complex conjugates we obtain w¯, z¯ from S2. Now observe that
τ
∣∣∣∣∣
S1
=
ǫw2dz
1− ǫ|w|2(1 + |z|2)
, τ
∣∣∣∣∣
S2
=
ǫw¯2dz¯
1− ǫ|w|2(1 + |z|2)
,
so we can use (26) to find Przanowski’s function,
K =
2
Λ
ln
[
|w|2
1− ǫ|w|2(1 + |z|2)
]
,
where we have now included the cosmological constant as a free parameter.
5.2 CP 2 and C˜P 2
As a non-trivial example we now consider CP 2 = SU(3)
/
U(2) with the Fubini-Study metric, which
has negative scalar curvature, and its non-compact version C˜P 2 = SU(2, 1)
/
U(2) with the Bergmann
metric, which has positive scalar curvature. Recall that CP 2 is the space of lines through the origin in
C
3, the Fubini-Study metric is induced from a Hermitian form with signature (+ + +). In constrast,
for C˜P 2 consider C3 equipped with a Hermitian form with signature (++−). Then C˜P 2 is the space
of timelike lines and the Hermitian form induces the Bergmann metric. Although not conformally
equivalent, we can again treat both cases simultaneously by introducing a parameter ǫ where Λ = ǫ|Λ|,
alternatively ǫ is the negative of the third eigenvalue of the Hermitian form. We initially assume
Λ = ±1. The twistor space T is the flag manifold of C3, so every point of T consists of a pair (l, p)
where p is a plane in C3 and l is a line in p, both containing the origin. For C˜P 2 we furthermore
require that l be space-like and that p contain a time-like direction. Using homogeneous coordinates,
we can write any point in T as a pair (lj , pj) where j = 0, 1, 2 and pjl
j = 0.
Next we need the twistor lines, these are of the following form: let P be a plane in C3 and L a line in
C
3 not in P . For C˜P 2 we need L to be time-like while P must be spanned by two space-like vectors.
Then a twistor line in T is given by all pairs (l, p) where p contains L and where the two planes p
and P intersect in l. Using homogeneous coordinates for P and L, the equation for the twistor line
is Pj l
j = pjl
j = pjL
j = 0. If we write Pj = (W,Z, 1) and L
j = (W˜ , Z˜, 1) we can use (W,Z, W˜ , Z˜) as
coordinates12 on M. One can check that
12These serve as coordinates on all of C˜P 2, but only on a coordinate patch of CP 2.
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lj =
(
−(1 + ZZ˜)ξ1
′
,
ξ0
′
1 + ZZ˜
+WZ˜ξ1
′
,
−Zξ0
′
1 + ZZ˜
+Wξ1
′
)
, (27)
pj =
(
ξ0
′
1 +WW˜ + ZZ˜
,
−W˜Zξ0
′
(1 + ZZ˜)(1 +WW˜ + ZZ˜)
+ ξ1
′
,
−W˜ξ0
′
(1 + ZZ˜)(1 +WW˜ + ZZ˜)
− Z˜ξ1
′
)
,
satisfy the defining equations of a twistor line. To fix a metric within the conformal structure, we
chose a contact form
τ =
1
2
(
pjdl
j − ljdpj
)
.
The parametrisation (27) of the twistor lines has been chosen to ensure that the restriction of the
contact form to the twistor lines is in canonical form,
τ
∣∣∣∣∣
Lm
= ξ0
′
dξ1
′
− ξ1
′
dξ0
′
.
A further difference between the Fubini-Study metric and the Bergmann metric on the level of their
twistor description arises when we describe the involution on T . This involution ι is induced from
the Hermitian form on C3 which defines an anti-linear map from C3 to the dual space, and thus
an anti-holomorphic map from T to itself. Under this map ι a pair (l, p) is mapped to (p¯, l¯), pairs
invariant under this map correspond to real twistor lines. Applied to a twistor line (Lj, Pj) we obtain
the reality conditions
W¯ = −ǫW˜ , Z¯ = −ǫZ˜.
For the Bergmann metric, the condition that L be time-like and P space-like together with the reality
conditions implies WW¯ + ZZ¯ < 1. This gives a complete description of the two metrics in terms
of twistor data. We can now use this information to deduce a complex structure and Przanowski’s
function in both cases.
We set l0 = 0 to select a holomorphic surface in T , from (27) we see that this amounts to choosing
the complex structure induced from S1 = {(l, p) ∈ T | (ξ
0′ , ξ1
′
) = (1, 0)}. The twistor lines restricted
to S1 are
lj = (0, 1,−Z) , pj =
(
1 + ZZ˜,−W˜Z,−W˜
)
,
so we can choose holomorphic coordinates z = Z and w = (1+ZZ˜)
WW˜
W . Note that the contact form
restricted to S1 is indeed proportional to dz:
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τ∣∣∣∣∣
S1
=
W˜(
1 +WW˜ + ZZ˜
)(
1 + ZZ˜
)2 dZ.
The parametrisation (27) is chosen to ensure that ι(S1) = S2 where S2 = {(l, p) ∈ T | (ξ
0′ , ξ1
′
) = (0, 1)}
for both reality conditions. On S2 we have
lj =
(
−(1 + ZZ˜),W Z˜,W
)
, pj =
(
0, 1,−Z˜
)
,
so we can choose anti-holomorphic coordinates z¯ = −ǫZ˜ and w¯ = −ǫ (1+ZZ˜)
WW˜
W˜ . Again
τ
∣∣∣∣∣
S2
=WdZ˜
as required. To retrieve the Przanowski function we need only use (26),
K =
1
Λ
ln
 WW˜(
1 +WW˜ + ZZ˜
)(
1 + ZZ˜
)2
 ,
which is valid for arbitrary cosmological constant. In terms of the coordinates (w, z, w¯, z¯) and taking
account of reality conditions we have
K = −
1
Λ
ln [(1− ǫww¯ − ǫzz¯) (zz¯ − ǫ)] .
6 Conclusion
We considered Quaternion-Ka¨hler four-manifolds, which by definition are anti-self-dual Einstein. We
introduced their local description by Przanowski’s function K and showed that metrics of this form
are anti-self-dual Einstein provided K satisfies Przanowski’s equation (2).
We continued with twistorial techniques to construct a Lax Pair, i.e. two vector fields lA that com-
mute if and only if Przanowski’s equation is satisfied. The existence of this Lax Pair confirms that
Przanowski’s equation is integrable, as one would expect from an equation coming from self-duality
equations in four dimensions.
Furthermore, we encountered a conformally invariant differential operator acting on the line bundle
Ll,m as well as recursion relations relating solutions of the associated Laplace equation to cohomology
classes on twistor space. Special cases are the conformal Laplacian and the linearised Przanowski
operator. The latter annihilates perturbations δK of Przanowski’s function and thus describes defor-
mations of the underlying manifold. We explained how the corresponding deformation of the twistor
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data is determined by the associated cohomology class H1(T,O(2)). We also constructed an contour
integral formula for δK in terms of this cohomology class. If desired, it would be straight forward to
write down a contour integral for all other values of (n, k).
The next section was dedicated to the procedure of recovering a complex structure and Przanowski’s
function K with the associated choice of holomorphic coordinates from twistor data. We illustrated
the necessary steps explicitly using a number of examples including the non-trivial cases of CP 2 with
the Fubini-Study and C˜P 2 with the Bergmann metric. The latter is an interesting starting point for
deformations, as CP 2 with the Fubini-Study metric is rigid.
Looking beyond the four-dimensional case, it would be interesting to see how much of the local de-
scription of a Quaternion-Ka¨hler metric by a scalar function with one associated second-order partial
differential equation remains valid in higher dimensions. Some comments in this direction have been
made in [7] and some rigorous claims appear in [21], however in a much more physical setup.
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Appendix A
We show that Przanowski’s equation (2) is both sufficient and necessary for [l0, l1] = 0, where lA are
given by (3). Writing the various components of the commutator as
[l0, l1] = A∇01′ +B∇11′ +
(
C1ξ +C2ξ
2 + C3ξ
3
)
∂ξ,
we find
A =
ξKwKzw¯ − ξ
2Kw¯
K˜KwKw¯
(
K˜ +KwKw¯e
ΛK
)
, B = −
ξKww¯
K˜Kw
(
K˜ +KwKw¯e
ΛK
)
,
C1 = −
1
Kw¯
(Kww¯∂z −Kzw¯∂w)
(
eΛKKwKw¯
K˜
)
, C3 = −
1
Kw
∇01′
(
eΛKKwKw¯
K˜
)
,
C2 =
(
∇00′∇11′ −∇10′∇01′ +
eΛKKw¯
K˜
∂w +
eΛKKw
K˜
∂w¯ +
2eΛKKww¯
K˜
)(
1−
K˜
eΛKKwKw¯
)
.
First consider the coefficient A, it vanishes only if the Przanowski equation (2) holds. Conversely, if
(2) is satisfied all coefficients vanish.
Appendix B
Following [4, 10] we introduce spinor formalism in four dimensions. Under the group isomorphism
SO(4,C) ∼= SL(2,C)×SL(2,C) the tangent bundle TM of a four-dimensional complexified Riemannian
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manifold (M, g) with holomorphic metric g can be regarded as a tensor product TM = S ⊗ S′ of two
rank 2 spin bundles S and S′. We can choose a null tetrad eAA
′
of T ∗M, in which
g = εABεA′B′e
AA′ eBB
′
= 2
(
e00
′
e11
′
− e01
′
e10
′
)
. (28)
Primed and unprimed indices will always run from 0 to 1. Equation (28) amounts to choosing a basis
(oA, ρA) of S and a basis (oA
′
, ρA
′
) of S′ over every point of M and setting
e00
′
= oAoA′e
AA′ , e01
′
= oAρA′e
AA′ , e10
′
= ρAoA′e
AA′ , e11
′
= ρAρA′e
AA′ .
The metric thus induces symplectic structures ǫAB on S and ǫA′B′ on S
′, which in the basis (o, ρ) and
(o′, ρ′) are simply given by the Levi-Civita symbols εAB , εA′B′ .
On the Lie algebra level, we have an induced isomorphism of so(4,C) ∼= sl(2,C)⊕ sl(2,C) which leads
to a splitting of the Levi-Civita connection Γ. Taking Cartan’s first structural equation13
deAA
′
= ΓAA
′
CC′ ∧ e
CC′
as the definition of the connection coefficients and writing
ΓAA′CC′ = ǫACΓA′C′ + ǫA′C′ΓAC ,
we find that this splitting is realised by the decomposition of Γ into a symmetric unprimed connection
ΓAB on S and a symmetric primed connection ΓA′B′ on S
′. Similarly, the curvature of M splits up
into the primed curvature RA
′
B′ of S
′ and the unprimed curvature RAB of S, where
RAB = dΓ
A
B + Γ
A
C ∧ Γ
C
B, R
A′
B′ = dΓ
A′
B′ + Γ
A′
C′ ∧ Γ
C′
B′ .
Lastly, we can define a basis of the self-dual two-forms ΣA
′B′ as well as the anti-self-dual two-forms
ΣAB by
ΣA
′B′ =
1
2
ǫABe
AA′ ∧ eBB
′
, ΣAB =
1
2
ǫA′B′e
AA′ ∧ eBB
′
.
These satisfy identities
ΣA
′B′ ∧ ΣC
′D′ =
1
4
ǫABǫCDe
AA′ ∧ eBB
′
∧ eCC
′
∧ eDD
′
, (29)
and similarly for ΣAB, while all other wedge products vanish. Using these two-forms to decompose
the primed and unprimed curvature spinors, we find
13We are suppressing the one-form index.
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RA
′
B′ =
1
12
RΣA
′
B′ +W
A′
B′C′D′Σ
C′D′ + ΦA
′
B′CDΣ
CD,
RAB =
1
12
RΣAB +W
A
BCDΣ
CD + ΦABC′D′Σ
C′D′ .
HereWABCD andW
A′
B′C′D′ are the anti-self-dual and self-dual Weyl spinor, Φ
A
BC′D′ is the trace-free
Ricci spinor and R = 12Λ is the scalar curvature.
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